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In the presence of a thermal medium or an external electro-magnetic field, neutrinos can interact 
with photon, mediated by the corresponding charged leptons (real or virtual). The effect of a 
medium or an electromagnetic field is two-fold - to induce an effective vy vertex and to modify the 
dispersion relations of all the particles involved to render the processes kinematically viable. It has 
already been noted that in a medium neutrinos acquire an effective charge, which in the standard 
model of electroweak interaction comes from the vector type vertex of weak interaction. On the 
other hand in a magnetized plasma, the axial vector part also start contributing to the effective 
charge of a neutrino. This contribution corresponding to the axial vector part in the interaction 
Lagrangian is denoted as the axial polarisation tensor. In an earlier paper we explicitly calculated 
the form of the axial polarisation tensor to all odd orders in external magnetic field. In this note 
we complete that investigation by computing the same, to all even orders in external magnetic field. 
We further show its gauge invarience properties. Finally we infer upon the zero external momentum 
limit of this axial polarisation tensor. 

PACS numbers:: ll.lOWx, 12.20-m, 13.15+g, 97.10Ld 



I. INTRODUCTION 

Neutrino mediated processes arc of great importance in 
cosmology and astrophysics ^J^] . It is worth mentioning 
at this stage that various interesting possibilities have 
been looked into in the context of cosmology e.g, large 
scale structure formation in the universe, to name one of 
the few ||. In this note we would rather consider the 
astrophysical part of it. 

Because of the effective neutrino photon interaction in 
a medium, it is possible that the neutrinos might dump 
a fraction of their energy inside the star during stellar 
evolution. For instance in a type II supcrnovac collapse 
Q neutrinos produced deep inside the proto-neutron star 
surge out carrying an effective energy ~ 10 52 erg/s. It 
is conjectured that the neutrinos deposit some fraction 
of its energy during the explosion through different kinds 
of neutrino electromagnetic interactions, e.g, jv — ► jv , 
v — > v~j, vv — ► e + e~, to name a few. It is important to 
note here, that all these processes are of order G 2 F . How- 
ever the amount of energy dumped by these mechanisms 
to the mantle of the proto-neutron star seem to be barely 
sufficient to blow the outer part of the same. However, it 
is important to note that, inside a star, a nonzero mag- 
netic field would always be present, which in most of the 



studies performed so far, has not been properly taken 
into account. Our objective here is to take into account 
the presence of a strong magnetic field and estimate the 
corrections coming there off. 

It is usually conjectured, taking into account the con- 
servation of surface magnetic field of a proto-neutron 
star, that during a supernova collapse the magnetic field 
strength in some regions inside the nascent star can reach 
upto B ~ ^- or more. Here m denotes the mass of elec- 
tron. [Henceforth we would refer to field strengths of this 
magnitude as critical field strength B c ] This conjecture 
makes it worthwhile to investigate the role of magnetic 
field in effective neutrino photon vertex. 

Neutrinos do not couple with photons in the tree level 
in the standard model of particle physics, and this cou- 
pling can only take place at a loop level, mediated by 
the fermions and gauge bosons. This coupling can give 
birth to off-shell photons only, since for on-shell particles, 
the processes like v —* v) and 7 — > vv are restrained 
kinematically. Only in presence of a medium can all the 
particles be onshell as there the dispersion relation of the 
photon changes, giving the much required phase space for 
the reactions. Intuitively when a neutrino moves inside 
a thermal medium composed of electrons and positrons, 
they interact with these background particles. The back- 
ground electrons and positrons themselves have interac- 
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FIG. 1. One- loop diagram for the effective electromagnetic 
vertex of the neutrino in the limit of infinitely heavy W and 
Z masses. 



tion with the electromagnetic fields, and this fact gives 
rise to an effective coupling of the neutrinos to the pho- 
tons. Under these circumstance's the neutrinos may ac- 
quire an "effective electric charge" through which they 
interact with the ambient plasma. 

In this paper we concentrate upon the effective neu- 
trino photon interaction vertex coming from the axial 
vector part of the interaction. From there we estimate 
the effective charge of the neutrino inside a magnetised 
medium. We name the axial contribution in the effective 
neutrino photon Lagrangian as the axial polarisation ten- 
sor n^„, which we will clearly define in the next section. 
We discuss the physical situations where the axial polari- 
sation tensor arises, then show how it affects the physical 
processes. The effective charge of the neutrino has been 
calculated previously by many authors ||||J7|]- In this 
regard we also comment upon the contribution of this 
quantity on the effective charge of the neutrinos inside a 
magnetised plasma as well as other physical observables. 

The plan of the paper is as follows. We start with sec- 
tion H that deals with the formalism through which the 
physical importance of is appreciated. In the next 
section [IlJ general form factor analysis of "axial polar- 
isation tensor" on the basis of symmetry arguments is 



provided. In section IV we show the fcrmion propagator 
in a magnetised medium, and using the same explicitly 
write down IK,, in the rest frame of the medium. In the 
section after, i.e section |v|, we show the formal proof of 
gauge invariance of Eff„. In Section VI we calculate the 
effective electric charge from t he e xpression of the axial 
polarisation tensor. In section VII we discuss our results 
and conclude by touching upon the physical relevance of 
our work. 



II. FORMALISM 

In this work we consider neutrino momenta that are 
small compared to the masses of the W and Z bosons. 
We can, therefore, neglect the momentum dependence 
in the W and Z propagators, which is justified if we are 
performing a calculation to the leading order in the Fermi 
constant, Gf- In this limit four-fermion interaction is 
given by the following effective Lagrangian: 



£ ff = ~-j=G F y^{l - 75)^7^(5v + gAlsjlv , (l) 

where, v and Z„ are the neutrino and the corresponding 
lepton field respectively. For electron neutrinos, 



, 9v = 1- (1-4 sin 2 w )/2, 
9a = -1 + 1/2; 



(2) 
(3) 



where the first terms in gy and <7a are the contributions 
from the W exchange diagram and the second one from 
the Z exchange diagram. 

With this interaction Lagrangian we can write down 
the matrix element for the Cherenkov amplitude as, 



M 



G, 



V2t 



■Ze v P^(l - 75 MsvIV + g A Tl") (4) 



where e v is the photon polarisation tensor, and Z is 
the wavefunction renormalisation factor inside a medium. 
The term II M „ is defined as 

ill^ = (-ze) 2 (-l) J ^jTr [wSfrhviSb/)] (5) 

which looks exactly like the photon polarisation tensor, 
but dosent have the same interpretation here. The mo- 
mentum labels of the prapagators can be understood 
from fig. [Q . Henceforth we would call it the polarisation 
tensor. I& v is defined as 

in£„ = He) 2 (-1) J ^jTr h^S{ph^S(p')} (6) 

which we call the axial polarisation tensor. Both the 
polarisation tensor and the axial polarisation tensor are 
obtained by calculating the Feynman diagram given in 
ng.@. 

The off-shell electromagnetic vertex function T u is de- 
fined in such a way that, for on-shcll neutrinos, the uvy 
amplitude is given by: 



M = -iu{q')T v u{q)A v (k), 



where, k is the photon momentum. Here, u(q) is the the 
neutrino spinor and A" stands for the electromagnetic 
vector potential. In general would depend on k and 
the characteristics of the medium. With our effective 
Lagrangian T v is given by 



1 



\/2< 



GF7 M (l-75)(5vn^+ 9A n5 ), (8) 



The effective charge of the neutrinos is defined in terms 
of the vertex function by the following relation || : 
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eeff = =— u(q) T (k = 0, k -> 0) u(g) . (9) 

For massless Weyl spinors this definition can be rendered 
into the form: 



1 



e cS = —Tr [r (fc = 0, k -» 0) (1 + A 7 5 ) , 



(10) 



where A = ±1 is the helicity of the spinors. 

While discussing about ITL, it should be remembered 
that for the electromagnetic vertex, we have the current 
conservation relation, 







(11) 



which is the gauge invariance condition. 

In order to calculate the Cherenkov amplitude or the 
effective charge of the neutrinos inside a medium, we have 
to calculate n^„. The formalism so discussed is a gen- 
eral one and we extend the calculations prviously done 
based upon this formalism to the case where we have 
a constant background magnetic field in addition to a 
thermal medium. In doing so we give the full expres- 
sion of IEy in a magnetised medium and explicitly show 
its gauge invariance. We also comment on the effective 
charge contribution from the axial polarisation part. 

Discussing about the effective charge of the neutrinos 
in a medium, the way we have done, it should be men- 
tioned that although it is interesting to find it theoret- 
ically, it is not the "charge" with which the neutrinos 
couple with a magnetic field. From the definition of the 
electromagnetic vertex as given in Eq.(^) and the defini- 
tion of charge in Eq.([)|) it is clear that we are interested 
to find the coupling of the photon field with vT°u and not 
uT l u. The magnetic interaction will come from the term 
u(q)T l u(q)Ai, but we will see at the end of the calcula- 
tion that no r l exists in the limit ko — > 0, k — > 0, whereby 
we cant say of any possible interaction of the neutrinos 
with the external static uniform magnetic field. 



III. GENERAL ANALYSIS 

We start this section with a discussion on the possi- 
ble tensor structure and form factor analysis of (k), 
based on the symmetry of the interaction. To begin with 
we note that, IE„ (k) in vacuum should vanish. This 
follows from the following arguments. In vacuum the 
available vectors and tensors at hand are the following, 



kfj,, g^v and f.^ v \ 



(12) 



The two point axial-vector correlation function 
can be expanded in a basis, constructed out of tensors 



9fiv, f-fivXa, and vector k\. Given the parity structure 
of the theory it is impossible to construct a tensor of 
rank two using g^ v and fc M . So the only available ten- 
sor (with the right parity structure) we have at hand is 
t^ivXa- The other vector needed to make it a tensor of 
rank two is k\. As we contract e^Ao- with k\ 7 k a , since 
e^Ao- is completely antisymmetric tensor of rank four, 
the corresponding term vanishes. 

On the other hand, in a medium, we have an addi- 
tional vector it M , i.e the velocity of the centre of mass 
of the medium. Therefore the polarisation tensor can be 
expanded in terms of form factors along with the new 
tensors constructed out of u M and the ones we already 
had in absence of a medium as, 



iWfc) = n T r M „ + n L l p 



Here 



Lfi V — 



with 



~ k^ky 



(13) 

(14) 

(15) 
(16) 



(17) 
(18) 
(19) 



In the rest frame of the medium the four velocity is given 
by it' 1 = (1, 0, 0, 0). It is easy to see that the longitudinal 
projector L M „ is not zero in the limit kg = 0, k — > and 
Hl is also not zero in the above mentioned limit. This 
fact is responsible for giving nonzero contribution to the 
effective charge of neutrino. 

As has already been mentioned, that in a medium, we 
have another extra four vector w M and hence it is possible 
to construct the axial polarisation tensor of rank two, out 
of Ufj,, i.e, £( 1 va0V' O! k^ \ that would verify the 

Ward identity for the two point function. An explicit 
calculation of I& v (k) verifies the tensor structure of it as 
predicted here. It is worth noting that this contributes to 
the Cherenkov amplitude, but not to the effective electric 
charge of the neutrinos since for charge calculation we 
have to put the index v — 0. In the rest frame only 
u° exists, that forces the totally antisymmetric tensor to 
vanish. 

In a constant background magnetic field in addition to 
the ones mentioned in Eq. (|l2] ) one has the freedom of 
having other extra vectors and tensors (to first order in 
field strength), such as 



3 



F F 



fMU 



[At/ 



along with 



= k X F; 



A/i ; 



= k X F; 



A// • 



(20) 



(21) 



Explicit evaluation of the axial polarisation tensor, in a 
constant background magnetic field is (however the met- 
ric used by the authors in refernces mentioned is different 
from that of us) ffl, 



(47r) 2 m 2 



-Cm*:,,,. (Ffc) f 



+ Cj_ {^(AF),, + fc^(fcF% - klF^)] (22) 

where F MI/ = ie^^F^, F 12 = -F 21 = B and (fcF)„ = 
F^kfj,. According to the notation used in Eq. (p2|) , fe|| = 
(feo, 0, 0, £3) and fcj_ = (0, fea, k y ,0). Lastly C11 and C_l are 
functions of 23, fcjj, fe^. It is easy to note that in conso- 
nance with the general parity structure of the theory the 
basis tensors for this case are F^ u , e^'k v± and evk tl± . 

From the above expression we can see that the axial 
polarisation tensor in a background magnetic field does 
not survive when the momentum of the external photon 
vanishes, and as a result there cannot be any effective 
electric charge of the neutrinos in a constant background 
magnetic field. Actually this formal statement could have 
been spoilt by the presence of possible infrared divergence 
in the loop; i.e to say in Cm and C±. Since the particle 
inside the loop is massive so there is no scope of having 
infrared divergence, hence it doesn't contribute to neu- 
trino effective charge. 

In the presence of an external magnetic field (to even 
and odd order in field strength) plus medium, we have 
other vectors available. The ones important for our pur- 
pose, are the following, 



,(3) 

,(4) _ 



F F 



a0 



k/3 



(23) 



It is worth noting that, in a background magnetic field 
pointed in the z direction, the possible vector with high- 
est power of external magnetic field that can occur in 

(3) 

the axial polarisation tensor is e/, . Other constructions 
with higher powers of field strength tensor would simply 
be a linear combination of the same and/or F^ v k v . The 
structure of axial polarisation tensor for odd powers in 
magnetic field , had already been analysed in Ref. [fl0|| , 
so we would directly comment on the same with even 
powers of external magnetic field B. Since the underly- 
ing theory is CP conserving, therefore, the possibilities 
of decomposing 11^ in terms of the basis vectors are, 



(24) 



where F\ and F 2 , i.e. the form factors, are functions of 
Lorentz scalars, constructed out of all the vectors or ten- 
sors we have at our disposal as well other parameters like 
temperature and chemical potential. The first term on 
the right hand side of Eq. (^4j) have already been discussed 
in Q, with the exception that the function F± now is a 
even function of external magnetic field B\ on the other 
hand the appearence of the second term is new. One 
can also observe that, in keeping with CP invariance of 
the theory ( i.e background along with the interaction), 
both the functions F\ and F 2 should be odd functions 
of chemical potential. However this would become clear 
from Eq. ( |53| ) of section 



IV. ONE LOOP CALCULATION OF THE AXIAL 
POLARISATION TENSOR 

Since we investigate the case with a background mag- 
netic field, without any loss of generality it can be taken 
to be in the z-direction. We denote the magnitude of this 
field by B. Ignoring first the presence of the medium, the 
electron propagator in such a field can be written down 
following Schwinger's approach [OJl5,0|: 



IS - 

AeBsa z 



■pi 



iS v B {p)= / dse^G{p,s), 
Jo 

where $ and G are as given below 
$(p, s) 
G{ P ,s) 



where 



(25) 



eBt 



rn 

— ieBsa z 



es 



(26) 



cos(eSs) \ 11 cos(e£>s) 
(1 + ia z tan(eSs))(^|| + m) + sec 2 (eBs)^ ± , (27) 



cr z = Hi 72 
and we have used, 

ieBsa z 



"707375 ■ 



cos(e£>s) + ia z sin(ei3s) . 



(28) 



(29) 



To make the expressions transparent we specify our con- 
vention in the following way, 



h 
i>±. 

4 
pi 



- loP° + 73P 3 

: lip 1 + 12P 2 

2 2 
P0-P3 

p\+pI- 



4 



Of course in the range of integration indicated in Eq. (|2£ 
s is never negative and hence \s\ equals s. In the presence 
of a background medium, the above propagator is now 
modified to [H : 



iSijp) = iSlip) + Slip) 



where 



s b(p) = -Vf{p) iS%(p) - iS B (p) 



and 



(30) 



(31) 



(32) 



(33) 



Here rj F {p) contains the distribution function for the 
fermions and the anti-fermions: 



for a fermion propagator, such that 

/>oo 

Slip) = -Vf( P ) dse*MG(p,s). 



7] F (p) = @{p- u)f F {p,fi,P) 

+ Q(-p-u)f F (-p,-fJ,,f3) , 

f F denotes the Fermi-Dirac distribution function: 

1 



f F {p,H,0) 



(34) 



(35) 



e f3(p-u-fi) _|_ ^ ' 

and O is the step function given by: 

Q(x) = 1, for x > , 
= 0, for x < . 

Here the four velocity of the medium is u, in the rest 
frame it looks like u M = (1, 0, 0, 0). 



A. The expression for Ii^„ in thermal medium and in 
the presence of a background uniform magnetic field 

The axial polarisation tensor is expressed as 

Oil = He) 2 (-1) J ^Tr[ W iS(p) lu iS(p')}. (36) 

Leaving out the vacuum contribution (the contribution 
devoid of any thermal effects) and the contributions with 
two thermal factors, we are left with 



KM = He) 2 (-1) 



d 4 p 



Tr [l^S B {p)^ v iS B {p) 



(2tt) 4 

+ lnl5iS B / {p)l v S B {p')] 



The vacuum part has already been done in g] and the 
thermal part is related with pure absorption effects in the 
medium, which we are leaving out for the time being. 

Using the form of the fermion propagator in a mag- 
netic field in presence of a thermal medium, as given by 
expressions (^5|) and ( |33| ) we get 

ill* (k) = -He) 2 (-1) (ArT dae*M 



(2tt) 4 

ds > e Hv',s') [Tr [ 7m75 G( P , s) lv G(p', s')] r, F (p) 
+ Tr [7 P 7hG(-j/, s') lv G{~P, s)\ Vf(-p)] 



, rl 4 n r°° 

2 < ^ I P 1 dse^ 



V ' V ' J (2tt) 4 

x / ds'e*V' s '^ u (p,p',s,s') (38) 
Jo 

where R^^p', s, s') contains the trace part. 

B. R,,„ to even and odd orders in magnetic field 

We calculate R M! ,(p,p', s, s') to even and odd orders in 
the external magnetic field and call them Rjfj and 1V°J . 
The reason for doing this is that the two contributions 
have different properties as far as their dependence on 
medium is concerned, a topic which will be discussed in 
the concluding section. Calculating the traces we obtain, 

RW = 4z7 ? _(p) [e^^p^p'^il + tan(aBs) tan(aBa')) 
+ e^ a ^P a ¥ Px sec 2 {eBs') + e^ a±f3]l p a ^p'^ sec 2 (eBs) 
+ e^ a±f}± p a± p ,(3± sec 2 (eBs) sec 2 (e£s')] (39) 

and 

R^J = 4i77 + (p) [m 2 e AIly i 2 (tan(eSs) + tan(eBs')) 

+ {(q^p^p'u, - W«„i>"" +g» ail p"»p'^) 

+ (9^P°¥ V± +gu a ,P^P^) sec 2 [eBs 1 )]t & n{eBs) 

+ [{g^ a]l p' a]] p^ -g^p ail p' a " + gua^p'^p^) 

+ (g^p'^Pu ± +ff ra|| p' a ~ip Mi )sec 2 (e6 S )}tan(e6s')] • (40) 
Here 



V+(p) = Vf(p) +Vf(-p) 
V-(p) = Vf(p) - Vf(-p) 



(41) 
(42) 



which contain the information about the distribution 
functions. Also it should be noted that, in our convention 



(37) 



a M 6 M " = a b 3 + a 3 b°. 



If we concentrate on the rest frame of the medium, 
then p • u = po- Thus the distribution function does 
not depend on the spatial components of p. In this case 
we can write the expressions of RjfJ and Kw} using the 
relations derived earlier p5[ inside the integral sign, as 



0± £. 



p 



2 ° 
P± = 



p'l = 



tan(eSs') 



tan(eBs) + tan(eBs') 
tan(eZ?s) ^ 
tan(eSs) + tan(eSs') 
1 

tan(ei3s) + tan(eSs' 

tan(eKs') 2 



ieB 



tan(eBs) + tan(eBs') 



\-ieB 

tan(eSs) + tan(efis') L 

tan(eSs') 2 



+ 



tan(eSs) + tan(eSs) 



*4- + (P\] -scc 2 (efis)pi) 
as " 



(46) 
(47) 



and get 

R$ 4 4i77_(p ) [e / **a„/3 1I P V J|1 (1 + tan(e£s) tan(eSs')) 
+ e^n^p" 11 / 1 sec 2 (e^ S ') 

+ E^ua^p"^ sec 2 (eBs)] (48) 

and 

f sec 2 (e£s)tan 2 (&Bs') 2 
~ e ^ 12 \tan(eBs) + tanks') J - 
(fc -p)||(tan(eBs) + tan(e£s'))} 
2e M iaa„ (K„P a|1 tan(eSs) +p, || p'«ii tan(eBs')) 

9na l{ K x {p Q|1 (tan(eSs) - tan(eBs')) 

~ sec 2 (eSs) tan 2 (eBs') 
k 11 



tan(eBs) + tan(eBs') 

9va\\P " ^/ii } 

x (tan(eSs) - tan(eSs')) 

+ flWri fc Q|l P/ij_ sec 2 (e£?s) tan(eSs') 



(49) 



The = symbol signifies that the above relations are not 
proper equations, the equality holds only inside the mo- 
mentum integrals in Eq. 



V. GAUGE INVARIENCE 

A. Gauge invarience for IE„ to even orders in the 
external field 

The axial polarisation tensor even in the external field 
is given by 

x / ds'e^'^R$(p,p',s,s'). (50) 



(43) 
(44) 



(45) Using Eq.([48|) in the rest frame of the medium, we have 

R$ i 4z77_(p ) [^^"V^ (1 + tan(e6s) tan(eBs')) 
+ e^ ailP±P a «p'^ sec 2 (eBs') + e^^p^p'^ sec 2 (e£! s )] . 

(51) 



Noting that it is possible to write, 

q a Pa = 9 Q|I Pq|| + q a± p a± 
Eq.(^Tl) can be written as, 

R$ = 4z77_( Po ) [( E ^p°/ - e^a/JxPV* 1 
- e^a^P^p' )^ + tan(eSs) tan(eBs')) 
+ £^ a ± P a p ,f3± sec 2 (e6s') + e^pp^p'P sec 2 (e£s)] . 

(52) 

Here throughout we have omitted terms such as 
£ fJ ,ua ± p ± P a± p' f3± , since by the application of Eq.fl43|) we 
have 



p a n a - L n'P ± — P o Tl a - L T)^J- 4- P o n Qj - i-' 3 - 1 - 

tfiua ± f3 ± P P — t flua± fj ± p p -f c flua± fj ± p K 



tan(etfs') 



tan(eSs') + tan(eSs 



k a ^k fi± 



which is zero. 

After rearranging the terms appearing in Eq. (|5^) , and 
by the application of Eqs.(|4^) and (|44| ) we arrive at the 
expression 



£nvafiP a k l3 (\ + tan(ei3s) tan(eBs')) 



, „,« , „ s , /% tan(eSs) — tan(eBs') 
tan(e^) tan W - 



(53) 



Because of the presence of terms like e^vapk 13 and 
£/j,vai3±k a if we contract R^ e J by A: 1 ', it vanishes. 



B. Gauge invarience for IK„ to odd orders in the 
external field 

The axial polarisation tensor odd in the external field 
is given by 



nfi o) = -He) 2 (-i) 



d 4 P 



dse* M 



x / ds'e^'>^R$(p,p',s,s') 



(54) 



where R^(p,p' ,s,s') is given by Eq.([ 
gauge invarience condition in this case 

fc"nfW = o 



The general 



(55) 



can always be written down in terms of the following two 
equations, 



* tf njw = o 
fc"n?w = o 



(56) 
(57) 



where n^°J is that part of n^i°' ) where the index \i can 
take the values and 3 only. Similarly Tl^fl stands for 
the part of il^i -* where fi can take the values 1 and 2 



T 5(o) 

J-/* Hi- 
is as follows, 



only. lT^yJ contains R^°\,(p,p', s, s') which from Eq.(f49|) 



( sec 2 (eBs) tan 2 (eBs') 2 



^'i 1/12 t tan(eSs) + tanks') *- L 

+ (fc-p)||(tan(eSs)+tan(eBs'))} 

+ 2e M|1 i2a„ (K,|P a|1 tan(eBs) +^ ||P ' Q » tan(eBs')) 

+ 5mii«h {p q " (tan(eBs) - tan(eBs')) 



~ sec 2 [eBs) tan 2 {eBs') 1 
tan(e£s) + tan(egs') J 

+ 9^\\f{P ' (tan(eBs) — tan(eSs')) 
and 11^1/ contains R^^^p', s, s') which is 

R^iu = 4i??+(po) ' fe )|| + flW||P Q|1 

x (tan(eSs) — tan(efis')) 
+ SW|i k a ^p^ ± sec 2 (eBs) tan(eSs') 



(58) 



(59) 



Eqs.(p6[),(|57|) implies one should have the following rela- 
tions satisfied, 



k" 



d 4 p 
(2tt)< 



dse^ s) / ds / e*^'*'>R^ = 
Jo 



(60) 



and 



k v 



d A p 
(2^ 



/» CO 

e*( p ' s ) / ds' e*fc V) R,jf„ = 0. (61) 
i Jo 



Out of the two above equations, Eq.(Q) can be verified 
easily since 

k v R^ v = 0. (62) 

Now we look at Eq.(|6l|). We explicitly consider the 
case /iy = 3 (the ixy = case lead to similar result). For 

/in = 3 



-Po b' 2 - pf)(tan(eBs) + tan(eBs')) 
fc 2 _(tan(eSs) -tan(eSs'))] (4«7? + (p )). 



(63) 



Apart from the small convergence factors, 



($(p, S ) + $(p', S ')) 
= {p?+p\- 2 m 2 )^-(p' 2 p 2 ), 



eB 



-p'ltsm^-Q-pl tanK + C), 
where we have defined the parameters 
e = I e6(s + s ') ! 

C = \eB(s-s'). 
From the last two equations we can write 



(64) 



(65) 



ieB 



= $(p,s)+*(p',s') 



_ e *(p,s)+*(p',s') 



x (p\f -pf-p'l scc 2 (C ~0+Pl sec 2 (£ + C) 
which implies 
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P\\ -P\\ 



ieB— + [p'l sec 2 (eBs') ~ p\ sec 2 (eBs)] 



(66) 



(67) 



The equation above is valid in the sense that both sides 
of it actually acts upon e*( P:S,p :S \ where 

$(p,p\s,s') = <i>(p,s) + <l>(p',s'). (68) 

From Eqs.(|63|) and (^) we have 

V R 3 „ e* = -4^+00^0 Wl sec 2 (eBs) - p\ sec 2 (eBs)) 
x(tan(eBs) +tan(eBs')) 



k\(ta,n(eBs) - tan(eSs')) 
ieBpo(t&n(eB s) + tan(eSs')) 



(69) 



Now using the the expressions for p\ and p' 2 from 
Eqs.(Ea) and (Mq) we can write 



calculating the axial contribution to the effective charge.Q 
We can now write the full expression of the axial polari- 
sation tensor as 



k v R 3 „ e* = 4eBr) + (p )po [{sec 2 {eBs) - sec 2 (e£s')) 
+ (tan(eSs) + tan(eSs'))4: 



<(fc)=-He) 2 (-l) 



d A p 
(2tt)< 



dse* M 



(70) 



ds' e*<>'> s ') 



r(») 



(74) 



The above equation can also be written as 



^Rs^ 4 ' = 4eS77 + (p )po-r: e $ (tan(eSs) + tanfeBs')) 

Transforming to £, £ variables and using the above equa- 
tion we can write the parametric integrations (integra- 
tions over s and s') on the left hand side of Eq.(|6l|) as 



ds'k v R.3;, e 



where Ri°j and RifJ are given by Eqs.(|49) and (|§|) in 
the rest frame of the medium. 



(71) 



A. Effective Charge to odd orders in external field 

In the limit when the external momentum tends to zero 
tily two terms survive from 
0, k — ► 0) = EI* , we obtain 



only two terms survive from II® (k). Denoting n^„(fco 



eB 



rfCe(e-C)^mc) 



T 5 



(72) 



£; =0£:^0 



d 4 p 



where 



f>r)< 

ds ' e i>(p'^')( tan ( eSs ) + tan(eSs')) 
x »7+(Po) [2po - ( fc £ moi2 



(75) 



jr(^ = e *(tan(eSs) + tan(eSs')). 



The integration over the £ and £ variables in Eq. ( 72 ) can 
be represented as, 



f°° f°° d 

/ dU dce(£-c)-^(e,C) 

J — oo J — oc 



{6(^-0^,0} -^-0^,0 



the other terms turns out to be zero in this limit. The 
above equation shows that, except the exponential func- 
tions, the integrand is free of the perpendicular compo- 
nents of momenta. This implies we can integrate out the 
perpendicular component of the loop momentum. Upon 
performing the gaussian integration over the perpendic- 
ular components and taking the limit k ± — > 0, we obtain, 



(73) 



n 5 



lim 

fcn=0,fc^0 



(-4ie 3 B) f d 2 p 



here the second step follows from the first one as the 
first integrand containing the O function vanishes at both 
limits of the integration. The remaining integral is now 
only a function of £ and is even in p . But in Eq.(f72]) 
we have r]+(po)Po sitting, which makes the the integrand 
odd under p integration in the left hand side of Eq.(61 ), 
as 77+ (po) is an even function in pq. So the po integral as 
it occurs in the left hand side of equation (|6l]) vanishes as 
expected, yeilding the required result shown in Eq.(pq). 



VI. EFFECTIVE CHARGE 



x e 



-in 

is(pi—m 2 ) — e\s\ 



ds 



x V+(Po) [ 2 Po - ( k -P)\\] £ ^012- 
It is worth noting that the s integral gives 

and the s' integral gives 



ds 



I e is ' {v\\-'m 1 )~A s '\ — 



(p'u — m 2 ) + ie 



(76) 



(77) 



(78) 



Now we concentrate on the neutrino effective charge. 
From the onset it is to be made clear that we are only 



*In a forthcoming publication we will comment on the vector 
contribution to the effective charge of the neutrino [lij. 
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Using the above results in Eq.(|76|) and using the delta 
function constraint, we arrive at, 

Il5 = lim 2(e 3 B) f ^%8{p\ - m 2 ) V+ (po) 

fc =0,fe^0 J (A) 



_(fc,f + 2(p.*),|) 



£/i012- 



(79) 



In deriving Eq.|79|], pieces proportional to fcjj in the nu- 
merator were neglected. Now if one makes the substi- 
tution, p',, — > + fe||/2) and sets fco — one arrives 
at, 



n 5 



lim 2(e 3 B) [^%(n + (E> p ) + n„(E> p )) 

(80) 



p 3 k 3 2E' p 



£/^012- 



Here n±(E' p ) are the functions fp(E p ,—^,P), and 
fp(E p , [t, (3), as given in Eq.(|35|), which are nothing but 
the Fermi-Dirac distribution functions of the particles 
and the antiparticles in the medium. The new term E' p 
is defined as follows, 

E p 2 = [(p 3 -k 3 /2)] 2 + m 2 , 

and it can be expanded for small external momenta in 
the following way 

E' p 2 ~pl + m 2 - p 3 k 3 = E 2 - p 3 k 3 

where E p = p§ + m 2 . Noting, that 



EL = E n -^ + 0(k 2 ), 



2E„ 



(81) 



one can use this expansion in Eq.[p0|, to arrive at: 
n 5 M0 = - lim 2(e 3 £) / (n + (E' p ) + n_(££)) 

(82) 



Ep 
P3h 



The expression for for r] + (E' p ) = n + (E' p ) + ri-{E' p ) when 
expanded in powers of the external momentum k 3 is given 
by 

V+(E' P ) = (1 + 1^)V + (E P ) (83) 
up to first order terms in the external momentum k 3 . 



1. Effective Charge For fi <C m 

In the limit, when /i <C m one can use the following 
expansion, 



r)+(E' p ) 



n + (E' p )+n-(E' P ) 



2^(-l)"cosh([n + l]/3 M )e- (n+1 



n=0 



H + ^ + 0(k 2 ) 



(84) 



Now using Eq.(84) in Eq.(R2|) we get 



n 5 



£^012 lim (4e 3 S)^(-l)" 



x cosh([n + l]/3/x) 



(p 3 k 3 ) 2 



dp: 



(27T) 



n=0 

3 e -(n+l)pE p 



(85) 



The first term vanishes by symmetry of the integral, but 
the second term is finite and so we get: 



n 



/if) 



-f3e 



/.012 lim i_Zy"(-i)»cosh([n + l]j9/i) 

fc =0fc^0 Zn - 



n=0 



x dp 3 e-^+^ 3E -. 



(86) 



To perform the momentum integration, use of the fol- 
lowing integral transform turns out to be extremely con- 
venient 



-Oty/8 



20F 



due- us -^u- 3/2 . 



(87) 



Identifying y/s with E p and [(n + l)/3] as a (since the 
square root opens up), one can easily perform the gaus- 
sian p 3 integration without any difficulty. The result is: 



(e 3 B) 



2tt 2 



c(*h([n + 



n=0 



2 ((n + l)/3/2) „ 

x (/?(n + l)/2) / due'" 1 " i^u" 2 . 



Performing the the u integration the axial part of the 
effective charge of neutrino in the limit of m > fi turns 
out to be, 



e 2 B 



= -V^gAmfiGF^-tt- A)cos(0) 

oo 

x ^(-1)" cosh((n + l)f3fi)K-i(m/3(n + 1)). (89) 



Here 9 is the angle between the neutrino three momen- 
tum and the background magnetic field. The superscript 
v a on ej^| denotes that we are calculating the axial con- 
tribution of the effective charge. K-i(mf3(n + 1)) is the 
modified Bessel function (of the second kind) of order 
one (for this function K-i(x) = K\(x)) which sharply 
falls off as we move away from the origin in the positive 
direction. Although as temperature tends to zero Eq. j89| 
seems to blow up because of the presence of m/3, but 
K-x(ml3(n + 1)) would damp it's growth as e~ m ^ , hence 
the result remains finite. 



2. Effective Charge For, /i>m 

Here we would try to estimate neutrino effective charge 
when fx 3> m and /? ^ oo. We would like to emphasize 
that the last condition should be strictly followed, i.c, 
temperature T ^ 0. Using Eqs.(|S2|) and ( |83| ) we would 
obtain 



■4 = ^ ( 



2?r J 2tt 

Neglecting m in the expression in E p we would obtain 
e 3 B 



(90) 



Hl = ^ln[(l + e^)(l + e-^)]. 



2tt 2 

Same can also be written as 



'B 



n^ = — ln(2cosh(^f 



2 



(91) 



(92) 



The expression for the effective charge then turns out to 
be 

<| = -^2g A G F ^-\n ^2cosh(^)) (1 - A)cos(0) (93) 
where A is the helicity of the neutrino spinors. 



B. Effective Charge At Even Order In The External 
Field And Coupling With Magnetic Fields 



which shows that T& v (k) to even orders in the external 
field will vanish when fco — > 0, k — > 0. This implies that 
there will be no contribution to the effective neutrino 
charge from the sector which is even in the powers of B. 

Can the neutrinos which are propagating in a mag- 
netised plasma couple with the classical magnetic field? 
The situation is a little bit subtle here, as the vertex of 
the neutrinos with the dynamical photons do get changed 
here due to the presence of the magnetic field, but this 
change cannot induce any electromagnetic form factor re- 
sponsible for coupling of the neutrinos with any magnetic 
field. In order to find the effective charge of the neutrinos 
which couples them with time independent magnetic field 
one should look for (as given in Eq.(g)), the P's, where 
i = 1,2. A magnetic field in the ^-direction, is given by 
a gauge where Ai, A2 are both non zero, or one of them 
is nonzero. So to calculate the charge which is essential 
for the neutrino current to couple with a magnetic field, 
one has to put the index v — 1, 2 in Eq.(|74|) and take the 
limit ko — > 0, k — ► and see which component of n^ 1 (fc) 
exists in the prementioned momentum limit. For the odd 
B part we see from Eq.(E9h that 



R 



jn = 4i?7+(po 



fljuau&i jp Q " (tan(eBs) — tan(eBs')) 
sec 2 (eBs) tan 2 (eZ?s') 



k a « 

tan(eSs) + tan(eBs') 
9ni{p ' fc)(tan(eBs) — tan(eBs')) 



(95) 



which goes to zero as the photon momentum tends to 
zero. By the same argument it follows that for v = 2 
there is vanishing contribution. Thus it shows that there 
is no effective magnetic coupling from B odd part. 

For the B even part, as is seen from Eq.(fl8|), that only 
R]^ survives, and is given by 

= 4i77_(p ) [ei203(p • k)(l + tan(e6s) tan(eBs'))] , (96) 

which also perishes in the limit when the external mo- 
mentum goes to zero. So from this we can say that 
has no contribution for any charge of the neutrinos which 
can couple them with the magnetic field. 



From the part of which is even in the external 
fields we see from Eq.(p3[) that 



VII. CONCLUSION 



R$=4i»,_(po) 



^o a f3P a k {l + tan(eSs) tan(eSs')) 



£ t i0af3 ± k a k /3± tan(eBs) tan(eSs') 

tan(e2?s) — tan(eSs') 
tan(eSs) + tan(eBs') 



(94) 



In our analysis we have calculated the contributions to 
(fe) to odd and even orders in the external constant 
magnetic field. The main reason for doing so is the fact 
that, H^°\k) and n^i (fe), the axial polarisation tensors 
to odd and even powers in eB, have different dependence 
on the background matter. Pieces proportional to even 
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powers in B are proportional to r)_(j?a), an °dd function 
of the chemical potential. On the other hand pieces pro- 
portional to odd powers in B depend on r)+(j>o), and are 
even in /j, and as a result it survives in the limit [i — > 0. 
As has already been noted, this is a direct consequence 
on the charge and parity symmetries of the underlying 
theory. 

In a background magnetic field the field dependence of 
the form factors, which are usually scalars, can be of the 
following form: 



k»F^F vX k x 



and F^F^ 



(97) 



These forms dosen't exhaust all the possibilities, but 
whatever they are they must contain an even number 
of F's and fc's and hence they will be even functions of 
B. 

Of all possible tensorial structures for the axial polar- 
isation tensor in a magnetised plasma, there exists one 
which satisfies the current conservation condition in the 
v vertex. That is given by, 



F Xa u a 



{k.u)k v 



k 2 



(98) 



Its worth noting that the first term in the square bracket 
in Eq.(98), which is odd in the external field, survives 
in the zero external momentum limit in the rest frame of 
the medium. The tensorial structures which are explicitly 
even in powers of B do have fc's also, and so they vanish 
in the limit when the external momentum goes to zero. 
We have earlier noted that the form factors which exist in 
the rest frame of the medium and in the zero momentum 
limit are even in powers of the external field. This tells us 
directly that the axial polarisation tensor must be odd in 
the external field in the zero external momentum limit, 
a result which we have verified in this work. However it 
should be noted that the other form factors contribute in 
other situations like neutrino Chcrcnkov radiation, which 
is not discussed in this work. 

In this work we have elucidated upon the physical 
significance of the axial polarisation tensor in various 
neutrino mediated processes in a magnetised medium, 
and explicitly written down its form in a gauge invariant 
way. It has been shown that the part of TP even in B 
doesn't contribute to the effective electric charge. How- 
ever it does contribute to physical proceses e.g., neutrino 
Cherenkov radiation or neutrino decay in a medium. It 
is worth noting that in the low density high temperature 
limit, the magnitude of e"% can become greater than the 
effective charge of the neutrino in ordinary medium pro- 
vided eB is large enough. On the other hand in the high 
density limit e^g can dominate over the effective charge 



of the neutrino as found in an unmagnetized medium, 
provided the temperature is low enough. However in 
standard astrophysical objects, e.g., core of type II Su- 
pernova temperature is of the order of 30- 60 MeV with 
Fermi momentum around 300 MeV, for red giants the 
same are 10 keV and 400 keV, for young white dwarves 
temperature is around 0.1-1 keV and Fermi momentum 
500 keV. In these systems one can have relatively large 
induced neutrino charge, provided the field strength is 
large enough. The effective neutrino photon coupling in 
a magnetised medium can also shed some light in under- 
standing the observed gamma ray bursts or gamma ray 
repeaters observed in nature. 
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